Abstract|For the di erence equation (pn (yn + hn y n?k )) + q n+1 f (y n+1?`) = 0; n 2 Z = f0; 1; : : :g; the existence of solutions in the classes M + , M ? , and WOS is established.
INTRODUCTION
This is in continuation with our study 1] of the neutral di erence equation (p n (y n + h n y n?k )) + q n+1 f(y n+1?`) = 0; n 2 Z = f0; 1; : : :g; (1) where y n = y n+1 ? y n , k,`are xed nonnegative integers, fp n g, fh n g, fq n g are real sequences, and (c 1 ) p n > 0 for all n 2 Z and q n is not identically zero for large n, (c 2 ) f : < ! < is continuous and uf(u) > 0 for u 6 = 0, and (c 3 ) there exists a nonnegative function g such that f(u) ? f(v) = g(u; v)(u ? v); for all u 6 = v:
Let m = maxfk;`g and N 0 be a xed nonnegative integer. By a solution of (1), we mean a real sequence fy n g which is de ned for all n N 0 ? m and satis es (1) for n N 0 . A solution fy n g of (1) is said to be nonoscillatory if all the terms y n are eventually of xed sign. Otherwise, the solution fy n g is called oscillatory. A nonoscillatory solution fy n g of (1) is said to be weakly oscillatory if f y n g changes sign for arbitrarily large values of n.
In 1], the set S of all nontrivial solutions of (1) has been divided into the following four classes: M + = ffy n g 2 S : there exists an integer N 2 Z such that y n y n 0 for all n Ng; M ? = ffy n g 2 S : fy n g is nonoscillatory and there exists an integer N 2 Z such that y n y n 0 for all n Ng; 103 OS = ffy n g 2 S : for every integer N 2 Z, there exists n N such that y n y n+1 0g; WOS = ffy n g 2 S : fy n g is nonoscillatory and for every N 2 Z, there exists n N such that y n y n+1 0g.
In fact, to establish oscillatory behavior of solutions of (1), in 1] we have provided su cient conditions which ensure that the classes M + , M ? , and WOS are empty. The purpose of this paper is to prove the existence of solutions of (1) in these classes. N ? m n N: For this continuous operator also, it is easy to see that T(S) S, and hence, by the Schauder xed-point theorem, T has a xed point y 2 S. Once again, it is clear that this y = fy n g is a positive solution of (1).
EXISTENCE OF SOLUTIONS
Thus, we have established the existence of positive solutions for equation (1), when h 0, h 6 = 1. Next, we shall show that M + 6 = ;. For this, suppose that fy n g 2 WOS. Let n 1 n 0 2 Z be such that y n > 0, y n?m > 0 for all n n 1 . Let z n = y n + hy n?k . Then, we have z n = y n + h y n?k , z n+1 = y n+1 + h y n+1?k , and z n z n+1 = y n y n+1 + h ( y n y n+1?k + y n+1 y n?k ) + h 2 y n?k y n+1?k :
Thus, in view of (i) and (ii), we nd that z n z n+1 0, and hence, f z n g is oscillatory. De ne w n = p n z n , so that fw n g is also oscillatory. On the other hand, from (1), we have w n = ?q n+1 f(y n+1?`) , n n 1 , and hence, (iii) implies that w n 0, and so w n is nonincreasing. This contradiction shows that fy n g 6 2 WOS. Also, from This proves the existence of positive solutions fy n g for equation (1), when h 0, h 6 = ?1. Further, from 1, Theorem 5], we have fy n g 6 2 WOS. Thus, in conclusion, we nd that fy n g 2 is a solution of (3), and fy n g = f2 ?n g 2 M ? is a solution of (4). for which all the conditions of Theorem 3 are satis ed. In fact, the sequence fy n g = f2 ?n g is a solution of (5) which belongs to the class M ? .
Theorem 4. With respect to the di erence equation (1) , assume that in addition to condition (iv), the following hold:
(x) h n h 0 for all n n 0 2 Z, and (xi) lim sup n!1 P n?1 s=N q s+1 = 1. Then, WOS 6 = ;. Proof. Suppose the result is not true, then there exists a solution fy n g of (1) such that eventually, either y n > 0 and y n > 0; or (6) y n > 0 and y n < 0; for all n N ? m
holds. Assume that (6) holds. Let z n = y n + hy n?k , so that equation (1) can be written as (p n z n ) = ?q n+1 f(y n+1?`) . Let w n = (p n z n )=f(y n+1?`) , n N. Then, w n > 0 and the condition (c 3 ) implies that w n ?q n+1 , n N. Now, summing the last inequality from N to n ? 1 with N su ciently large, we obtain w n ? w N ? n?1 X s=N q s+1 :
In the above inequality, the right side, in view of condition (xi), tends to ?1. But, this contradicts the fact that w n > 0.
Next assume that (7) holds. From condition (xi), we nd that there exists an integer N 1 N such that n?1 X s=N1 q s+1 > 0:
For this, we set F n = P n?1 s=N q s+1 and de ne N 1 = supfn N : F n = 0g. Clearly, F N1 = 0 and F n > 0 for n > N 1 . Then,
